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Abstract. Let a,b,c and k be positive integers such that 1 < a < b,a < c < 
2(a + 6), c 7^ 6 and (a, b, c) = 1. Define the arithmetic function fk{a, b; c; n) by 

fk{a,b;c;n) C{as)C{bs) 

Let Afc(a, 6; c; x) denote the error term of the summatory function of the function fk{a, b; c; n) 
IN this paper we shall give two expressions of Afc(a, b; c; x). As applications, we study the 
so-called (/, r)-integers, the generalized square-full integers, the e — r-free integers, the 
divisor problem over r-free integers, the e-square-free integers. An important tool is a 
generalization of a method of H. L. Montgomery and R. C. Vaughan. 

1 Introduction and main results 

W. G. Nowak[33j. M. Kiileitner and W. G. Nowak [26] studied a class of very general 
arithmetic function a(n), which possess a generating Dirichlet series 

^ a(n) /i(mis) • • • fxirnKs) , , , 
^ gi{nis) ■ ■ ■ gj{njs) 

where fk and gj are certain generalizations of Riemann zeta-function, mi < ■ ■ ■ < mx 
and ni < • • • < rij are natural numbers, and h{s) is a good function which is regular 
and bounded in a sufficiently large half-plane. People are usually concerned with the 
summatory function X]n<a;^('^)' especially sharp upper and lower bounds of its error 
term. The above two papers give an upper bound and a lower bound for a(n) in a very 
general sense. Some special cases are also studied, see for example, [1] l2l [271 156]. 

The aim of this paper is to study a special case of a(n), in which case we can get 
better upper results. Let a, b, c and k be positive integers such that 1 < a < b,a < c < 
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2(a+b),c 7^ b and (a, b, c) = 1. Let ({s) denote the Riemann zeta-function. The arithmetic 
function /^(a, b; c; n) is defined by 

/I IN ^ fkia,b; c;n) Cias)Cibs) 
1-1) > i = —^——,Rs>l. 

In this paper we are concern with the summatory function 

(1.2) Ak{a, b; c; x) := ^ /^(a, 6; c; n), x> 2. 

n<x 

The expected asymptotic formula of Ak{a, b; c; x) is of the form 

(1.3) ^fc(a, 6; c; x) = T^rlTa;" + Tkh^^^ + ^k{a, b; c; x) 

when a ^ b. When a = b, then an appropriate limit should be taken in the above formula. 
As usual, Afc(a, 5;c;a;) is called the error term of the function Ak{a,b; c; x). For conve- 
nience, we also use notations A{a, b; c; x), A(a, 6; c; x) to denote Ai{a, b; c; x), Ai(a, b; c; x), 
respectively. 

By Theorem 2 of M. Kiileitner and W. G. NowakIM] or Theorem 3 of W. G. Nowak[M], 

it is easy to prove that 

(1.4) Afc(a, b; c; x) := (^x"""''^^!^'^^) . 
Hence one may conjecture that 

(1.5) Afc(a, b; c; x) := O . 

Many special cases of the function fk{a, b; c; n) have been extensively studied in number 
theory. We take some examples. 

(1) The case (a, b, c, k) = (2, 3, 6, 1) is the well-known square-full number problem(see 
[5l[9l[TTl[32l[56]). Suppose a\ b, the cases (a, b, c, k) = (a, b, 2b, 1) or (a, b, c, k) = {b, a, 2b, 1) 
are studied for the the generalized square- full number problem(see [SIHH] ). 

(2) Suppose r > 2 is a fixed integer, the case (o, b, c, k) = (1, 1, r, 1) is the r-free divisor 
problem(see [U El [H [El [57] ) . 

(3) Suppose 1 < r < I are fixed integers, the case (a, b, c, k) = (1, r, 1, 1) corresponds to 
the distribution of the so-called (r, 0-integers(see [TUl IM HUl HTHWl [57] ) . 

(4) Suppose r > 1 is a fixed integer, the case (a, 6, c, k) = (1, 2*" + 1, 2^", 1) corresponds 
to the the distribution of the so-called e-r-free integers (see [71 [35 l [ST ] [52l [55] ). 

(5) Suppose r > 2 is a fixed integer, the case (a, b, c, k) = (1, 1, r, r + 1) corresponds to 
the Dirichlet divisor problem over the set of r-free integers (see [121 136] ). 

From the right-hand side of (1.1) it is easily seen that the unconditional asymptotic 
formula we could possibly prove at present is at most 



(1.6) Ak{a,b;c;x) = ^^x'- + Twk^'' + 0{x- exp(-^(log x) s (log log x) s)). 
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where A > is some absolute constant. Now define 9k{a,b;c) denote the infimum of 
ak{a, b; c) such that the estimate 

(1.7) Afc(a,6;c;a;) 
holds. 

From (1.1) we also see that the function fk{a, b; c; n) is related to the divisor function 
d{a, b; n) := J2n=m^m^ 1' which satisfies 

d(a,b;n) ^, \ ^ 

y =C{asX{bs),^s > 1. 

n=l 

We write 

(1.8) D{a, b; x) := ^ d{a, b; n) = C{^)x^ + C(^)a:^ + A(a, b; x) 

n<x 

for a ^ b, and let < a(a, 6) < l/(a + 6) be a real number such that the estimate 

(1.9) A(a,6;x) <x"("''')+^ 
holds. 

As usual, A(o, b; x) is called the error term of the asymmetric two-dimensional divisor 
problems. For the history and classical results of A(a, b; x), see for example pO l \2T[ \25\ \29 \ 

EHESJ. 

If a{a,b) > 1/c, then by the convolution approach we get easily 9k{a,b;c) < a{a,b). 
Thus the difficulty of the evaluation of the function Ak{a, 6; c; x) is basically the difficulty of 
the evaluation of the function D{a, b; x). Without the loss of generality, we always suppose 
later that a{a,b) < 1/c. 

The exponent 1/c in the error term in (1.6) is closely related to the distribution of the 
non-trivial zeros of C(s)- People usually assume the Riemann- hypothesis (RH) to reduce 
the constant 1/c. See for example, [U [32l H?! HH] . From now on, we always suppose that 
RH holds. 

In 1981, Montgomery and Vaughan[31J developed a new ingenious method to treat 
the distribution of r-free integers, which was also used by many other authors, see for 
example. Baker [T], Nowak and Schmeier[52], Nowak[33j etc. However, as W. G. Nowak 
and M. Schmeier|32) observed in subsection (The Divisor Problem For (/, r)-Integers) that: 
The r = 2, / = 3 is some exceptional. That is, in some cases, by Montgomery- Vaughan's 
method one could not get directly better estimates than the usual approach. 

The main aim of this paper is to find a suitable expression of the error term in (1.3) 
for every case. We have to consider two different cases: c > b and c < b. For these two 
cases, we have to use different convolution approaches. 

Consider first c> b. We define the function /ifc by 

n=l ^ ' 
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(Also see Titchmarsh[50j . page 165-166.) Clearly is the well-known Mobius function ^u. 
Then Theorem 2 of Nowak|33J essentially implies the following theorem. 

Theorem 1. (W. G. Nowak) Let x>2, a<b<c< 2(a -|- b) and Afc(a, b; c; x) be defined 
by (1.3). If the RH is true, then for any 1 < y < xc 



(1.11) Afc(a, b; c;x) = Y^ /ifc(/)A (a, b; ^) + O (^x^+'y^-^ + x 

i<y 

1 — 2aa.{a.b) 

Taking y = x^+'^-^acaCa,!,) ^nd noting /ifc(/) ^ we get 
Corollary 1.1. Suppose RH. If a < b < c < 2(a -1- b) and a{a,b) < ^, then 

1 — aa{a, b) 



(1.12) ek{aMc)< 



a + c — 2aca{a, b) 



Remark 1.1. The proof of Theorem 1 is based on a classical idea of Montgomery and 
Vaughan[31j and the Dirichlet convolution 



(1.13) fk{a,b;c;n) = ^ d{a,b;mi)fik{m2). 

n=mim2 

Remark 1.2. Very fortunately, for arithmetical function we have an analogue of 
the well-known Vaughan's identity of Mobius function /i(see Lemma 4.1 below, in fact this 
is the third useful Vaughan-type's identity except the well-known von Manlgoldt function 
A and Mobius function n ). By the method of exponential sums, one could improve the 
result in Corollary 1.1. For the related works, we refer to papers [U El O |271 [56] . However, 
this is not the main aim of the present paper. 

We now turn to the case c < b. Some examples of this type can be found in [361 113 
HSlllH]. In this case, we hope to find an estimate of the form Afc(o, b; c; x) <C (a < 1/6) 

such that the second main term jrl^xb becomes a real main term. We can also use the 

convolution (1.13) as our first choice to study Ak{a,b; c; x). Actually it is easy to check 
that Theorem 1 also holds for b/2 < c < b. But when o -|- c < 6, we have checked that it 
is very difficult to prove 6k{a,b;c) < 1/b via Theorem 1 directly(Also see page 9, section 
5 in |7J). In order to overcome this difficulty, we choose another convolution approach. 
Let the arithmetic function Uk{a; c; n) be defined by 

(1.14) Uk{a; c; n) := ^ Aifc(d), 
which satisfies 

(1.15) V^^^li^ = |^,5R.>L 
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We note that when a = k = 1, the function Uk{a;c;n) is just the characteristic function 
of the set of the c-free integers. Hence we can write 



(1.16) fk{a,b;c;n) = ^ Uk{a; c; mi) . 

n=mim2 

The function Uk{a;c;n) plays an important role in this case. Define 

(1.17) Afc(a; c; x) := Uk{a; c; n) - -j-j- := Ak{a; c; x) - t^ttt- 

n<x ^ ^0.^ ^ ^"-^ 

For Afe(a;c;x), similar to Theorem 1 we also have 

Theorem 2. Let x > 2, a < c and Afe(a;c;x) be defined by (1-17). If the RH is true, 
then for any 1 < y < xc we have 

(1.18) Afc(a;c;x) =^/Xfe(/)v((^)^) +0(a;2^+^y^-^+y5+-). 

l<y 

1 

On taking y = x°+'= in Theorem 2 we get immediately the following 
Corollary 1.2. Under the conditions of Theorem 2, we have 

(1.19) Afe(o; c; x) < x'^'^^. 

Now we state our main result for the case c < b, which improves Theorem 1 in the 
case a < c < b < 2c. 

Theorem 3. Suppose RH is true. Let x > 2, a < c < b < 2c, Afc(a, 6; c; x) and Afc(a, c; x) 
be defined by (1.3) and (1.17) respectively. Suppose Afe(a;c;x) <IC a;;afc(a;c)+£ g^^/j ^/j^^ 

ak{a;c) < l/b(a natural restriction). Then for any 1 < y < xb we have 



(1.20) Ak{a,b;c;x) = ^Ak(^a;c;^^ - Uk{a;c;m)ip 

d<y "i<-T7 

+ O (x^^y^-^c + (xy-'')°'=("5^) + x^y-^-^^ . 



Corollary 1.3. Under the conditions of Theorem 3, we have 



(1.21) Afc(a, b; c; x) < 



c) 



Remark 1.3. Since we use different convolution approaches in Theorem 1 (6 < c) and 
Theorem 3(6 > c), the exponential sums appeared in these two theorems are also different. 
Hence we have to use different ways to estimate exponential sums in these two theorems. 
We note that Corollary 3 implies a+b-abak(a-c) ^ h '^^^ce in the asymptotic formula (1.3), 
the second main term becomes a real main term. 
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Remark 1.4. All corollaries above can be further improved by more precise estimate 
for the exponential smns involved(e.g., see [3 [3 El [13 [ISl Eg ESI SH ES])- 



The organization of this paper is as follows. In section 2 we shall give short proofs of 
Theorem 1 and Theorem 2. The proof of Theorem 3 will be given in section 3. In section 4, 
by the well-known Heath-Brown's method we shall further improve Corollary 2 and obtain 
a non-trivial estimate for Afc(a;c;x)(A; = 1,2), and then give some of its applications to 
problems related to the exponential convolution. In section 5 we discuss some applications 
of Corollary 1.1 and Corollary 1.3. Finally, in section 6 we give an example to explain 
how to get a sharper upper bound by Theorem 3. 

Notation. Throughout this paper e denotes a fixed positive constant, not necessarily 
the same in all occurrences. As usual, let T[n) and Ljj{n) denote the divisor function 
, and the number of prime factors of n, respectively. We also use rfc(n) to denote the 
number of decompositions of n into k factors, and let ri(n) = 1. Let qr{n) denote the 
characteristic function of the set of r-free integers, x > 1 is real, C = logx, {t} denotes 
the fractional part of t,Tp{t) = {t} — 1/2, ||t|| = min({t}, 1 — {t}). We let e{t) = exp(27rzt) 

3 1 

and 6{x) = exp(— A(log2;)5 (loglogx)~5) for some fixed constant ^ > 0. m ^ M means 
that cM < m < CM for some constants < c < C 

2 The proof of Theorem 1 and 2 

Lemma 2.1. Let A{s) = '^'^=1 o,{n)n~^ converge absolutely for = o" > cTq, and let 
functions H{u) and B{u) he monotonically increasing such that 

\a{n)\<H{n), (n > 1), 

00 

^\a{n)\n^'^ < B{a), a > aa- 

n=l 

If So = o"o + itQ, bo > (Tq, bo > b > 0,bo > aQ -\r b > aa, T > 1 and x > 1, then for x ^ N 

'•b+iT /^b] 



Y^ain)n - =- ^so + s)-ds + O 

n<x Jb-tl \ / 

+ O (^^-''m{2x) min(l, i^)^ + O (^-''''H{N) min(l, j^)) • 

Proof. This lemma is the well-known Perron's formula, for example, see Theorem 2 of 
page 98 in Panj34J- D 
Let y > 1 and define 



n>y 



(2.1) 9y{s):=Y.^, ^s>l. 
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Lemma 2.2. Suppose RH is true, then gy{s) can he continued analytically to = a > 
^ + e, and we have uniformly for a that 

(2.2) gy{s) « + if^a >\+e. 

Proof. This lemma follows from Lemma 3 of Nowak[33] immediately. . □ 
The Proof of Theorem 1 and 2. Let 5 = and 1 < y < x~ . We begin the proof 

of Theorem 1 in the same way as that of Theorem 1 in Montgomery and Vaughan[31]. 

Here we only give the details of our proof for the case a < b. The proof for the case a = b 

is similar. 
Define 



(2.3) fi y{n) := ^ Hk{l)d{a,b]m), f2,y{n) := ^ fik{l)d{a,b; 

l<y l>y 

hence 

(2.4) fk{a,b;c;n) = ^ fJ-k{l)d{a,b;m) = fi^y{n) + f2,y{n). 
We now write Ak{a, b; x) in the form 

(2.5) Ak{a,b]c;x) := fk{a,b] c;n) = Si{x) + S2{x), 

n<x 

where 

(2.6) Si{x) = J2fi,yi^), 

n<x 

and 

(2.7) S2{x) = Y,f2,y{n). 

n<x 

We first evaluate 51(2;). From (1.8) we get 
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(2.8) Si{x)= ^fc(/Ka,6;m) = ^/.fc(0l?(a,6;^) 



i<y 



= E '-'^ W (^^^ + + A (a, 6; ^) ] 



= Res C(as)C(&s)^'s-i ^ 



l<y 



+ Res ( C(a.)C(6.)x^.-^ ^ M + ^ Mfc(OA (a, 6; ^) . 



From (2.1) we have 
(2.9) gM!!) =5^(c,)C(a.)C(6s). 

n=l 



Prom (2.3), (2.7), (2.9) and Lemma 2.1 we obtain that 



1 (* —-^-s-^-ix^ 

(2.10) 52(x) = / " ffj,(cs)C(as)C(6s)x^s-Ms + O(x^), 



since f2,y{n) ^ n*^ by a divisor argument. 

Case (i). a < b < 2a. When we move the line of integration to 3fts = a = ^ + 5o with 
5q = mm{6, ^(1 — ^)}, then by the residue theorem 

1 f'~~\~€ — ix"^ 

(2.11) — / " 9y{cs)C{as)C{bs)x's-^ds 

a 

= Res (^gy{cs)C{as)C{bs)x^s~^, ^ + Res (^gy{cs)C{as)C(bs)x^s~^ , ^ 
+ h + h- h, 

where 

1 _ 1 fl^+^o+ix^ 

Ii = — gy{cs)C{as)C{bs)x^ s ds,/2 = 7r^/ i?2/(c«)C(as)C(?'s)x^s ds. 



h = TT- i gy{cs)C,{as)C,{bs)x^s~'^ds. 
2Tn J^+So-ix^ 
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From Lemma 2.2, we have 



1 



9y{cs) < + 1), > __ + s) 



1 



Thus 



(2.12) gy{cs)Q{as)Q{bs) < y"^-^a{\tf + l), (^ > ^ + 8). 
From (2.12) it is not difficult to see that 

(2.13) <2/5-^x2^+^^(j = 1,2,3). 

Now combining (1.3), (2.5), (2.8), (2.10), (2.11) and (2.13) completes the proof of 
Theorem 1 in this case. 

Case (ii). h > 2a. In this case, moving the line of integration in (2.10) to = o" = 
^ + 5, we can treat S2{x) as in the above case except the second residue in relation (2.11) 
vanishes. In addition, applying Abel summation formula and the estimate Yln<x l^k{n) <S 

X (this can be proved in the same way as that of Theorem 14.25(C) in Titchmarsh|50j . 
also see (2.10) in Nowak[33]). it is easy to check that 

l>y 

Hence 

(2.14) a:iV^=xif;^-xiV^ 

l<y 1=1 l>y 



1 



x'b + O [x^c,+^y 



Therefore, Theorem 1 also holds in this case. This completes the proof of Theorem 1. 
The proof of Theorem 2 is very similar to that of Theorem 1, we omit the details 
here. □ 



3 The proof of Theorem 3 

Lemma 3.1. Let a < c < b and Ak{a; c; x) be defined by (1.17). // Afc(a; c; x) <C x"'^"''^''^^ 
such that a{a; c) < l/b, then for s > a{a; c) we have 



(3.1) > Uk[a; c; m)m =- TTfcTTT + rki \ 

(1 - as)CKa) Cn^^) 



/>oo 

+ Afc(a;c;x)x"'* - s / Afc(a; c; t)t"'*"Mt. 

J X 
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Proof. By partial summation formula and (1.17) we get 
(3.2) Uk{a; c; m)m~^ 



/X 

+ Afc (a; c; x)x-' + ^fc^ + (a; c; t) j r'-^dt 

^ as f'^ 

+ Afe(a; c; x)^-* - + « / Afc(a; c; t)t-*-Mt. 

(1 - as)C'=(f ) 7i 



(l-a5)CHf) ' ' ^ (l-««)Cnf) Ji 

Suppose that s > 1, we have from (1.15) and the condition a{a; c) < ^, when x — )■ 00 

3.3 ^^ + s Ak{a;c;t)t-'-'dt. 

Cics) (l-as)C'=(f) Ji 

By analytic continuation this equation also holds for s > a{a;c). Substituting (3.3) into 
(3.2) completes the proof of Lemma 3.1. □ 

Lemma 3.2. Let x > 2, a < c < b, and Afe(a, b; c; x) be defined by ( 1.3). If Afe(a; c; x) <C 
^a(a;c)+e g^^j/j ^/j^^ Q;(a; c) < 1/6, i/ten /or any 1 < y < x^^^ we have 



Afe(a,fe;c;a;) =^ Afc (^a;c; - ^ Ufc(a; c; m)V' (( 



X , 1 

— )" 



X6 /^°° Afc(a;c;t) / ^ A , ^/ i 

-^/ TTi dt + V(y)Afe a;c;-r +0(xay <^). 

v° 

Proof. Let 1 <y < x^l^ . Applying (1.1),(1.15)-(1.17) and Dirichlet's hyperbolic argument, 
we get 

(3.4) ^fe(a,6;c;x) = ^ /fe(a,6;c;n) = ^ Uk{a;c;m) 

n<x mdf><x 

= X] X] Uk{a;c;m) + ^ Uk{a;c;m) ^ 1 
xa ^ I 1 ^ Uk{a;c;m) ^ 



+ X] ^) ~ X ^fe(a;c;"i)V' ((^)^) + V'(y) X Uk{a;c;m]. 



d<y ■>n<Ar m<- 

yU , 
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Applying Lemma 3.1 with s = ^, we get 



a b 



yO 



+ Afe(a;c;-^) - - / — ^ — dt. 



In addition, we have from the Euler-Maclaurin formula that 

1—- 

(3.6) Y.^ = C(-) + yf^T - + Oiy-'-'^). 

d<y a - -j 

Applying (1.17) again we also have 



1 

X 



(3.7) ^ u/-(a; c; m) = -rfr^ + Afe(a; c; ^). 

Substituting (3.5)-(3.7) into (3.4), we get 

C(h) i , C(f 



(3.8) Ak{aMc;x) =^x-a+j^x-^ - Uk{a-c-m)i; ((-)i) 

yO 

d<y ^ 



+ i{;{y)Ak(a;c;^j +0{xay a). 

Now Lemma 3.2 follows from (1.3) and (3.8) at once. □ 

Lemma 3.3. Let Ajfc(a; c; x) be defined by (1.17). If RH is true, then for any fixed 6 > 
we have 

(3.9) ^ Ak{a;c;u)du^T^+^c+S. 

Proof. It suffices to prove that for any M > 2, we have 

/■2M ^ 

(3.10) / Akia;c;u)du^M^+2^+^. 

Taking in Lemma 2.1 H{n) = n'',B{a) = (cr - l)-'^,b= 1 + 1/ log M,T = M^, we get 
^n,(a;c;u) = -^ -^^d. + 0(M-^ 
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It is well-known that if RH is true, then for any fixed 0<?7<l/2, we have 



(3.11) 



c(.) « {\t\ + ir, cHs) « {\t\ + 1)^ a > i + r?. 



Moving the line of integration to 3f?s = ^ + (5, we have by (3.11) and the estimate ({s) <IC 
(1 + |t|)V2 > 0) that 



^^^^^ 



+5-iT C'lcs) S 



ds + 0(M-i). 



Thus we have 

r-2M 



/ Ak{a;c;u)du = 
Jm 

-L 



■,+S-iT C'ics) S JM 



u'du + 0{l) 



^+5+iT ^(^g) ((2M)i+^ - M^+') 



ds + 0(l) 



dt 



(1 + 1*1)' 



+ 1 



Namely (3.10) holds. This completes the proof of Lemma 3.3. □ 
The Proof of Theorem 3. Theorem 3 follows immediately from Lemma 3.2 and 

Lemma 3.3 with S = □ 
The Proof of Corollary 1.3. It is easy to check 

(3.12) J2A, (a;c; J) « ^ ( J)"^^"^^^ « 



and 
(3.13) 



d<y 



d<y 



^ Uk{a;c;m)ip <^ ^ \uk{a;c; 



m) 



m<- 



< ^ d{a, c;m) I — 



m<- 



Taking y = x"+''-"*"fc('' '=) wc find that Corollary 1.3 is an immediate consequence of The- 
orem 3 and the above two estimates. □ 
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4 Estimates for Afc(a; c; x){k = 1, 2) and an application of The- 
orem 2 

4.1 Some preliminary lemmas 

To treat the exponential sums appeared in Theorem 1 and 2, for the arithmetic function 
l^k{k > 2) one needs an analogue of the well-known Vaughan's identity of Mobius function 
fi. First we shall prove such an identity. 

Lemma 4.1. (Vaughan's identity). Let 1 < Ni < N. Suppose that U, V be two parameters 
with 1 < U,V < Ni. Then for any arithmetic function f we have 

(4-1) E M.(n)/(n) = E,-E2-E3' 

Ari<n<Ar 



where 



El = E ^("-^ E fJ'kin)fimn), 

U<m<N/V Ni/m<n<N/m 

V<n 

E2 " E E rk{n)f{mn), 

U<m<UV Ni/m<n<N/m 

E3 = E ^("^) E Tk{n)f{mn), 

m<U Ni/m<n<N/m 

A{m) = E l^k{e)Tk{di), B{m) = E ^^k{di) l^k{d2) ■ 

ed-^—m d^ d2 — Tn 

e<U di<U,d2<V 



Proof. Let 



(4.2) F{U,s):=J2^^^^>h 



d<U 



then 



(4.3) ^ = - F{V, 5)) (1 - CHs)F{U, s)) - F{U, s)F{V, s)CHs) 

+ F{U,s) + F{V,s),^s > 1. 
Equating coefficients from both sides of (4.3) gives the following identity 

(4.4) ^^k{n) = bi (n) + 62 (n) + 63 (n) + 64 (n) , 
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where 



61 (n) 



d>V,m>l 



di<U,d2<V 




/ifc(n) if n <U, 



if n > f7, 



64(71) 



if n > 



^ Tfc(m)/ife((i) 




md=n 



In the sum for 61 (n) we can replace the condition m > 1 hy m > U, since the sum over m 
vanishes by (4.5) when 1 < m < U . Now multiplying the above identity (4.4) by f{n) we 
get (4.1). □ 
We will also exploit the following several lemmas. Lemma 4.2 is Lemma 1 of Graham 
and Pintz[T6](also see Theorem 18 of Vaaler|54j). Lemma 4.3 is well-known, Lemma 4.4 is 
Lemma 6 of Fouvry and Iwaniec[13], Lemma 4.5 is Lemma 4 of the second paper in [5] (also 
see (2.1) in Wu[56j), Lemma 4.6 is Lemma 12 of Cao[5j. 

Lemma 4.2. Suppose H > 0. There is a function ip*{x) such that 

V'^l^) = Yl 7(/i)e(/i2;), 7(/i) < ^ 

l<\h\<H ' ' 

\h\<H ^ ^ 

Lemma 4.3. Let X 7^ and ^ 0, 1. // (k, A) is an exponent pair, then 
Lemma 4.4. Let < M < N < jN < AM, and |a„j < 1. Then we have 



N<n<'YN '^"^^^ \M<n 



<AM 



n 



N'\Y - l)t-'dt + O (log(2 + M)) 
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Lemma 4.5. Let x > 2, a,l3,^ be given real numbers with a{a — l)/37 7^ 0, |a(m)| < 1, 
6(ni,n2) < 1. Suppose G = xM'^N^N], {k,X) is an exponent pair and 

T{M,Ni,N2)= J2 J2 ai.rn)b{ni,n2)e{xm'^n^nl). 

m^M ni^Ni n2^N2 

Then 

T{M, iVi, Ar2)£-2 < (G'^M^+^+''{NiN2f'^'^^ ^ + M^NiN2 + M{NiN2)^ + G-^MNiN2. 

Lemma 4.6. Let x > 2, P,^ be given real numbers with 7^ 0,|a(m)| < 1, \h{n)\ < 1, 
(k, a) is an exponent pair. Suppose D is a subdomain of{{m,n) : m ~ M,n ~ N} bounded 
by finite algebraic curves , G = xMl^N^ and 

Ti{M,N)= a{m)b{n)'ilj{xm'^n'^). 



Then 



Ti{M, Ar)/:-6 < (|G«M^+^+'"iV^+'") + M^N + Mm + G'^MN. 



4.2 An estimate of A(a; c; x) 

Suppose 1 < a < c arc two fixed integers. In this subsection, we shall estimate the error 
term A(a;c;x) defined by (1.17) with k = 1. 

Let r > 1 be a fixed real number. The function Ak{l;r;x) is defined on [l,oo) such 
that for any 1 < y < x^/'' one has 



(4.6) 



Afe(l; r; x) = ^ /Xfc(OV' (^) + O (x^+^yi 



2 2 + y2- 



l<y 



It follows easily from Theorem 2 that 
(4.7) 



C 1 

Afc(a;c;x) = Afe(l; -;xa). 

a 



Hence we only need to estimate Afc(l;r;x) for real r > 1. 
Now we define 

7 



(4.8) 



a{r) = < 



8r + 6 
17 
54 
67 
514 

12r2 - 37r - 41 
23(r - 1) 
L 24r2 + 13r - 37 



if 1 < r < 5 and r 7^ 2, 
if r = 2, 
if 5 < r < 6, 
if 6 < r < 12, 
if 12 < r < 20. 
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For r > 20, a{r) is defined by the following procedure. Let q > 2 and Q = 2''. For every 
r > 20, there is a unique integer q such that < r < _ With this value of 

q, define 

(4 9) a(r) = (12Q - l)r - 12Q + 1 

In this subsection we shall prove that 
Theorem 4. Let a(r) be defined by (4-8) and (4-9), respectively. If RH holds, then 

A(l;r;x) = O fx"('^)+"' 



Remark 4.1. Certainly one can improve the exponent a{r) further for some special 
values of r. For example, R. C. Baker and K. Powell[3] obtained recently that a(3) = 

= g| and a(5) = ^. In addition, for large values of r, one can take a{r) = .^_^_^|^i/3 
for some constant c* > (see Theorem 2, |16j.) 

From (4.7) and Theorem 4 we get 

Corollary 4.1. Let 1 < a < c be two fixed integers. If RH holds, then 

(4.10) A(a;c;x) = O 

Proof. Theorem 4 is proved in Jia[22] for the case r = 2. S. W. Graham and J. Pintz[T6] 
showed that Theorem 4 holds for any integer r > 3. However it is easily seen that the 
argument of [1^ can be applied to any r > 2. So we only give a proof of Theorem 4 for 
1 < r < 2. 

4 

Taking y = x'^^+'^ , by Theorem 2, (4.6) and a simple splitting argument, an estimate 
for < y < y 



(4.11) MOV'(^)« 

Y<l<2Y 

would suffice to complete the proof of Theorem 4. 

Choose U = Y^,V = Yi. Let |a(w.)| < 1 and |6(n)| < 1 be any complex-valued 
arithmetic functions. If we can show the estimates 

(4.12) E (;^) « 

U<m<Y/V Y<mn<2Y 

and 

(4.13) j;a(m) ^ ^ (;^) « 

m<U Y<nin<2Y 

then (4.11) follows from Lemma 4.1. 
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We first estimate the type II sum (4.12). Assume N <€i M, applying Lemma 4.6 with 
(k,A) = (i,i), we get 



(4.14) £-^Ea(m) Yl (^^T^^) 



n,~JV 

Y<mn<2Y 



X 



{MNy 



M^m \ +M^N + Mm + 



X 



{MNy 



MN 



1 

< (x{MN)^-''{MN)^^ ^ + {MN)N-^ +x~^{MN) 



1+1 



Hence (4.14) holds under the condition ^ M. If ^ M, using Lemma 4.4 to separate 
the dependence between the variables n and m, then interchanging the roles of m and n, 
we can show that (4.14) also holds in this case. The estimate (4.12) follows from (4.14) 
by a simple splitting argument. 

Now we turn to estimate the type I sum (4.13). If M > F, by the same the argument 
as that of (4.14), we get 



(4.15) 



Mr) 



Y<mn<2Y 



If M < V, applying Lemma 4.2 with H = Yx "'^^^ and Lemma 4.3 with (k, A) = (^, ^), 
we get that 



(4.16) 



m<V 



Y<mn<2Y 




Y/m<n<2Y/m 



hx 



m' n' 



m<V \ l<\h\<H 
m<V l<h<H 

< x^^'^^L + xW-^^mV + x-^Y^+^C 

< a;"W£ + x^-^Yi-i + x-^y^+'C 



(Here note that if 1.5 < r < 2, we use the bound Y » x°'^'^\ otherwise we use Y < y) 
Finally, it follows from (4.15) and (4.16) that (4.13) always holds. This completes the 
proof of Theorem 4. □ 
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4.3 An estimate of A2 (a; c; x) 

Theorem 5. Let a,c be two fixed integers such that 1 < a < c < 9a/2 and A2{a;c;x) be 
defined by (1-17) with k = 2. Assume that RH holds, then 

(4.17) A2(a; c; x) < x^^+^"^\ 

Proof. Similar to the proof of Theorem 4, we only need to show that for 1 < r < 9/2 one 

has 

(4.18) A2(l; r-x) = ^ ^(r) = 7/(3^ + 6). 

4 

Taking y = x^^^+s , by Theorem 2, (4.6) and a simple splitting argument, an estimate 

(4.19) f^2m{^)^x^^'^+' (x'3W+^«y<y) 

Y<l<2Y 

would suffice to complete the proof of Theorem 5. 

Choose U = Y^^V = Yi. Let |ai(m)| < 1 and |6i(n)| < 1 be any complex-valued 
arithmetic functions. If we can show 

(4.20) E 

U<m<Y/V Y<mn<2Y 

and 

(4.21) E ^(^)^ « 

m<U Y<mn<2Y 

then (4.19) follows from Lemma 4.1. 

The estimate (4.20) can be proved by the same approach of (4.12), so we omit its 
detals. Hence we only need to prove (4.21). Prom (4.20) we get easily that 



Y'^/^<m<U Y<mn<2Y 



(r)+£ 



So it suffices for us to prove 



(4.22) 5]ai(m) ^ ^""^"^ ij^^) « "^'^'^^^ ' 

m<V Y<mn<2Y 

Let 1 < M <V. Now we are in a position to estimate the exponential sum 



(4.23) SAM,Y):= a,(m) ^ * {^) ■ 

M<m<2M Y<mmn2<2Y ^ 1 ^'^ 
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Without the loss of generahty, we suppose ni <S n2, hence ni <^ {YM Applying 
a simple splitting argument, we have for some Ni <^ {YM~^)2 

(4.24) C-^Sr{M,Y)« Y: «iM E E ^(^^)- 

M<m<2M Ni<ni<2NiY<mnin2<2Y ^ 12/ 

Now we consider two cases. 

(Case i): ^ < A'^i < VM"^. In this case, applying Lemma 4.2 with H = Yx''^^'^'> and 
Lemma 4.3 with (k, A) = (^, \), similar to the estimate of (4.16), we can obtain 

(4.25) 5^(M,y) <a;^W£3. 

(Case ii): VM~^ < iVi <C (yM~^)2. Applying Lemma 4.4 to separate the dependence 
between the variable n2 and the variables m, ni, we get for N2 = j^jf^ that 

(4.26) 

E E E "^(^i^^) 

M<m<2M Ni<ni<2NiY<mnin2<2Y ^ 12/ 



yM<m<2M JVi<ni<2JViJV2<n2<8JV2 K"^ ^^1^2 J j 

^ /! ( E E ^('^)-2-^V (^) ) A^^^^d^ + O {MN,C) , 



27r 7- 

where 



c((i) = ^ ai(m)<d^. 

d=mni ,M<m<2M,Ni <ni<2Ni 



If ATs » MATi, applying Lemma 4.6 with {M,N) = (A2,MAi) and (k. A) = (5, 5) to 
estimate the inner sum in the above expression, we get (similar to (4.14)) 

(4.27) 



E E ^(^K'^(d^) 

MNi<d<4MNi N2<n2<8N2 ^ 

< ((^)' ATKmATi)!^ ' + A|(MAri) + A2(MAri)5 + (^)~' MN1N2 

< (^xiy-i+2(MAiA'2)^)^ + (MAiA'2)^(yM)3 + (MAi A2)(MAi)-^ + x'^F^ 

(1 9-2t-\ k 1 , ,1 1 1 r , t a(„\ 

x2Y—y + Y2{YV)i +YV-2 +x--2Y2+^ ^x'^W. 
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If N2 <C MNi, using the same approach but with (M, A^) = {MNi, N2) in Lemma 4.6 we 
get that (4.27) stih holds. 

Combining (4.26) and (4.27), we obtain that 

(4.28) S^(M,y) 

holds in the Case ii. 

The estimate (4.22) now follows from the proofs of the above two cases. . □ 



4.4 An application of Theorem 2 

The exponential convolution (e-convolution) was introduced by M. V. Subbarao[45j. Let 
n > 1 be an integer of canonical form n = p"^ • • • p^" . An integer d is called an exponential 
divisor (e-divisor) of n if d = ■■■p\% where 6i|oi,-- - ,hs\as- Let r(^)(n) denote the 
number of exponential divisors of n, which is called the exponential divisor function. Let 
r > 2 be a fixed integer. The integer re > 1 is called exponentially r-free (e-r-free) if all 
the exponents oi , • • • , are r-free. Let q)- denote the characteristic function of the set 
of e-r-free integers. The e-unitary convolution was introduced by N. Minculete and L. 
Toth [30]. The function /(re) = l(re > 1) has inverses with respect to e-convolution and 
e-unitary convolution denoted by ^^^\n) and /x('^)*(re), respectively. These are the unitary 
and exponential analogues of the Mobius function. These arithmetic functions attract the 
interests of many authors, see for example [ZllITlllSllHlllSIMllMllMlllQlIlllliaEIlE^ 
L. Toth [52] showed that the Dirichlet series of /i^'^) is of the form 



00 



ra=l 



where Wi{s) := X^J^Li is absolutely convergent for "^s > ^. 
Let 



n<x 



(4.30) A^(e)(x) :=^M(^)(re)-^ix 

where 




M/i(l) ^ 

P 



L. Toth [52] showed A^(e) (x) = O |^x202+'^ j under RH. The exponent ^ was improved 

to g by X. Cao and W. Zhai[7j. 

Similarly, N. Minculete and L. Toth^O] showed that the Dirichlet series of fi^^> is of 
the form 
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where W2{s) := X^J^i "'^1"'' is absolutely convergent for > |. Let 
(4.32) A^,e),(x) := J^//(^)*(n)-^2^, 

n<x 

where 

) = ^ = ri^i + E — )■ 

Under RH, the estimate A^(e)*{x) = O ^x202+^^ was proved in [30] . 

As an application of Theorem 2 and Theorem 5, from (4.29) and (4.31) we get the 
following 

Theorem 6. Let A^{e)(x) and A^{e),(x) be defined by (4-30) and (4-32), respectively. If 
RH is true, then we have 



(4.33) A^(.) (x) = O (^x22- 
and 

(4.34) A^(.),(x) = O (x^+^) . 

For comparison, we have numerically that 

91 37 7 

= 0.45049 • • • , — = 0.39361 • • • , — = 0.31818 • • • . 

202 '94 '22 

5 Some applications of Corollary 1.1 and Corollary 1.3 

5.1 The distribution of generahzed square-full integers 

In 1963, E. Cohen [Sj generalized square-full integers in the following way: Let a and 
b are fixed positive integers. Let n > 1 be an integer of canonical form n = p'^ ■ ■ ■p'^^ and 
Ra,b denote the set of all n such that each exponent 0,(1 < i < r) is either a multiple of 
a or is contained in the progression at + b{t > 0). Obviously i?2,3 is the set of square-full 
integers. Let a f 5 , /(a^{,)(ri) denote the characteristic function of the set Ra,b- By Lemma 
2.1 in E. Cohen[8J one has 

(5.1) f:i^=^±^,^s>i. 

^ ^ ^ C(2bs) 

n=l ^ ' 

We are interested in the summatory function of fa^hi^n). 

First consider the case a < b. Suppose also that a \ b. In this case the problem is 
closely related to the estimate of A(a, b; x). We take a = a,b = b,c = 2b and /c = 1 in (1.1), 
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then the estimate (1.4) implies A{a,b;2b;x) = i7(x2(«+'') ). Suppose A{a,b;x) < 

such that a{a, b) < 1/26. By Corohary 1.1 with (a, b, c, k) = (a, b, 2b, 1), under the RH we 

have the asymptotic formula 

^ (Tf-) 1 C(-) 1 / l-ac(a,b) \ 

(5.2) ha,h){n) = fT^x-a + ^-^xT + O , 

n<x ^^^> ^ ^ 

which improves Theorem 3.2 of [48] . 

The distribution of square-fuh integers (the case a = 2, 6 = 3) has received special 
attention. In this special case, the error term in (5.2) becomes (x-*^^/"^^"^^), which was first 
proved in [32]. The exponent 11/72 was improved by several authors. The best known 
result is duo to Wu|56]. who obtained exponent || = 0.1411 • • • (also subject to the RH). 

Now we suppose b < a. From (1.4) we get A(6, a; 26; x) = ^l{x^). So without the loss 
of generality, we always suppose 6 < a < 46. 

If 6 < a < 26. Applying Corollary 1.1 with (a, 6, c, k) = (6, a, 26, 1), under the RH one 

has 

(5.3) Yl ha,b){n) = + ^x-a + O , 

n<x ' ^^~> ^ ^ 



which improves Theorem 3.4 of 

Finally look at the case 26 < a < 46. In this case, D. Suryanarayana[48j proved that(see 
Remark 3.3 therein) 

(5.4) Y ha,i>){n) = + 0{x''^H{x)) 

n<x ' 

unconditionally. If RH is true, then Remark 3.4 of D. Survanaravana[35] claimed that 



(5.5) Y ha,h) {n) = ^-^x-b + O [x^^uj{x)^ 



where ijj{x) = exp{Alogx(loglogx)~ }, A is a positive absolute constant. Here we note 
that on the right-hand side of (5.5) the second main term -^j^x^ is absorbed into the 
error term . 

17 

Applying Corollary 1.3 with (a, 6, c, k) = (6, a, 26, 1) and A(6; 26; x) <C X54b+^ in Corol- 
lary 4.1, we have under RH that 

(5.6) ha,l>)i^) = TtI^^ + + O 

n<x ^ a ) 

which took the second main term ^^^^X" out of the error term in (5.4) when 26 < a < 
546/17 = 3.176... 6. 
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5.2 On the order of the error function of the (/, r)-integers 

For given integers l,r with 1 < r < /, we say an integer n is a (/, r)-integers if it has 
the form m'n where m, n are integers and n is r-free. The definition of the (/, r)-integers 
was introduced by M. V. Subbarao and V. C. Harris [53]. Let gi^r{n) denote the charac- 
teristic function of the set of r)-integers. By Lemma 2.6 in M. V. Subbarao and D. 
Survanaravana[56] we have 

(5.7) ±i^ = ^-m^,s^s>l. 

n=l ^ ' 

Hence gi^rip) = fi^i-r{n). We define the error term by 

A(l, /; r; x) := 5i,r(n) - ^x - ^xT 



n<x 



C{r) C(f)' 



From (1.4) we have A{l,l;r;x) := Q{x^). 

If I > 2r, the distribution of (/, r)-integers is almost the same as the distribution of 
r-free numbers. From Theorem 4 we get under RH that 

C(0 

n<x 



(5.8) ^5;,,(n) = ^x + 0(x"W+^ 



where a(r) is defined by (4.8) and (4.9). In particular, if / > 4 we have A(l,/;2;a;) 



0(a;i+^) 



If r < / < 2r and a{r) > l/l we get that (5.8) holds too. However, if a{r) < l/l, by 
Corollary 1.3 with (a,b,c,k) = {l,l,r, 1), we get under RH that 



n<x 



(5.9) Yl aiAn) = ^f + §ly^^ + o (xIt™ft+^) 



In particular, A(l,3;2;x) = 0(2:55+^). 

The previously best known error term is due to M. V. Subbarao and D. Survanaravana[17] . 
Since = 0.32727- • • < \, (5.8) and (5.9) answer a conjecture of M. V. Subbarao and D. 
Suryanarayana in [36] (see page 123) for the special case r = 2. It should be noted that if 
2 < r < 10, / = r -|- 1, we get the second main term; if r > 11, r < / = r -|- 2, we also get 
the second main term. Hence (5.9) is an substantial improvement to theirs. 

5.3 The distribution of e- r-free integers 

In this subsection we consider the distribution of e-r-free integers. For the distribution of 
e-square-free integers, J. Wu[55] showed that A^(e)(x) = O (^i5{x)^ , improving an earlier 
result of M. V. Subbarao[35]. In the general case, L. T6th[5T] obtained that A (e)(x) = 
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o(^x^6{x)y Under RH, X. Cao and W. Zhai[7] showed that A^{e)(x) = 0(x^+''), 

improving the exponent | of L. T6th[52]- In this subsection we shall study this topic more 
carefully. 

Theorem 7. (i) The Dirichlet series is of form 

(5.10) Qi'\s) V jgM , CMC((2- + 1).) 

where Ur{s) is absolutely convergent for > 2^+1-^-1 ■ 
(ii) Let 

(5.11) A := Vg(^)(n) - Ci{r)x - C2(r)x^, 

n<x 

where 

(5.13) A (e)(x) = 
(^Mzj If the RH is true, we have 

(5.14) ^g(<=)(^) = O (a;2'+2-(2'+i)-(2')+^^ 



where a(r) is defined by (4-8) and (4-9). In particular, A (e)(x) = 0(xi93^^), ftere ^ = 
0.1968- •• < i. 

Remark 5.1. Note that we always have 2'^+2-{2^+i)a{2'^) ^ 2'+i • -'■'^ addition when 

r = 2, if we use the new estimate a(4) = ^ proved by R. C. Baker and K. Powell[3] 

94 I 

recently, one can slightly improve the above result to A {c){x) = 0{x^ ). In section 6 
we shall improve the exponent ^ further by the exponential sum method. 

Proof. Since the function qi^^ is multiplicative and qi^\p°') = Qrio) for every prime power 
p'^. For r > 2, it is easy to verify that qr'\p) = <lr'\p'^) = ■■■ = qf\p'^' ~'^) = 1, 
q^\p^^) = 0, q^\p^^+^) = ■■■= qf\p^^^'-^) = 1, and (^\p^^^") = 0. Hence for > 1 

CO (e)/ N / 00 / \\ 

"-J TT / \ ^ 9r("l) 1 



n=l p \ m=l 
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Applying the product representation of Riemann zeta-function 



p p 
we have for > 1 

(5.16) c(^)c((2^ + 1)^) = n {i^-p'ii^-p'^''^'''^': 

p 
Let 

oo 

(5.17) /,e)(z): = l+^(?.(m)z™ 

m=l 

oo 

= 1 + z + • • • + + z^^+i + . . . + z^^+^-i + J2 ^r{m)z^. 

m=2''+i+l 

By a simple calculation one get for |z| < 1 



/^(.)(.)(i-z)(i-z2^+i)=i-z2^-z2^^^+ 5: 

and 



m=2''+i+l 



1 + ^2" ^ ^2(2'-) ^ ^3(2^ + . . . j (^1 + ^2'-+l ^ ^2(2'-+^) ^ ^3{2'-+i) ^ 

= 1 + z^" + 2z^(2'') + 2z^(2'') + • • • . 
Prom the above two relations, we easily obtain for j^l < 1 

(5.18) / .)(z)(l - .)(1 - z2^+i)(l - z^-)-\X - z^'^Y' 

OO 

= 1 + Yl 

m=2''+i+l 

Taking z = p~^ in (5.18), then combining (5.15), (5.16) and (5.17) completes the proof 
of (5.10) in Theorem 7. 

Applying Theorem 2 of M. Kiileitner and W. G. Nowak[26] and (5.10), we immediately 
get (5.13). By Corollary 1.3 with {a,b,c,k) = (1,2*" + 1,2'",1) and Theorem 4, we obtain 

(5.19) A(l,2'' + l;2'^;x) = O (^x2'-+2-(2''+i)"(2'-)+^ 

Now (5.14) follows from (5.10) , (5.19) and a simple convolution argument at once, and 
this completes the proof of Theorem 7. □ 
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5.4 The divisor problem over the set of r-free numbers 



Let r > 2 be a fixed integer. Winfried Recknagel|36j and Hailiang Fen|12j investigated the 
divisor problem over the set of r-free numbers. HaiHang Fen [12] showed that 



(5.20) V.W,«,>1, 

71=1 ^ ' 



where Vr{s) is absolutely convergent for 5Rs > In particular, V2{s) = ('^{3s)W2{s), 

W2{s) is absolutely convergent for > ^. 
Let 

(5.21) T{n)qrin) =Res^r{s)— + ATJx). 

^ — ' s=l S ^ ' 

n<x 

Hence this problem is reduced to estimate the error term Aj.+i(l, 1, r; x). Hailiang Fen|12j 
showed that 



(5.22) A,+i(l,l,r;x) 



0{x^l''5{x)), ifr = 2,3 

131 26947 

Ar+i(l, 1, r; x) = 0(x4i6 (logx) 8320 ), if r > 4, 



where the second estimate in (5.22) follows from M. N. Huxley's bound(see [19] ) 

131 „ X 26947 

(5.23) A(l, l;x) < X 416 (log x) "8320". 

Applying Corollary 1.1 with {a,b,c,k) = (1,1,2,3) and {a,b,c,k) = (1,1,3,4) respec- 
tively, and with the help of (5.23), we obtain under RH that 

285 285 

(5.24) A3(l,l;2;x) = 0(x724+=), A4(l, 1; 3; x) = 0(x878+^). 

Finally, from (5.20) and (5.24) we get immediately the following 
Theorem 8. // RH is true, then 

(5.25) A[2)(x) = 0(xit+"), A[3)(x) = 0(xit+^). 
6 The distribution of e-square-free integers 

In this section we shall use the method of exponential sums, and a(4) = ^(recall Remark 
4.1 in Section 4) proved by R. C. Baker and K. Powell[3] to prove 

Theorem 9. Let A (e)(x) be defined by (5.11). Assume that RH holds, then 

(23 



26 



Remark 6.1. For comparison, we have ^ = 0.18548 ■ ■ ■ and 
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0.19624-- - . 



In the proof of Theorem 9 we need the fohowing lemma (see Lemma 6.9 of Kratzel[25]). 
Lemma 6.1. Let 1 < Z < Zi < xa , a > 0,b > 0. If {k, X) is any exponent pair and if 

(2A - l)a > 2Kb, (2A - 1)6 > 2Ka, 

then 



1\ 2(^+A-^) _ / Zf\b 



Z<n<Zi 



Proof of Theorem 9. Similar to the proof of Theorem 7, we need only to prove 
(6.2) A(l,5;4;x) = O xT24^ 



Let a = Applying Theorem 3 with (a, b, c, k) = (1, 5, 4, 1) and y = x'm, the following 
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two estimates 



(6.3) 



(6.4) 



d<y 



E ^i(l;4;m)V'((^)^) « 



m<Ar 



would suffice to finish the proof of Theorem 9. 

3 

We first estimate the sum in (6.3). Let yi = rcw, we split the sum in (6.3) into two 
parts and write 

(6.5) E^(1'4;J)=E^(1'4;|)+ E MIA;^):=S, + S2. 



d<y 



d<yi 



yi<d<y 



Clearly, it follows from a (4) = gj that 



(6.6) ^1 < E (J) « ^^^'yf < 



d<yi 



To estimate 52, we discuss two cases. 

Case (i) yi <^ D < y 10912 = y2. Applying Theorem 2 with = x^D^^ and a simple 
splitting argument, we have for some 1 ^ ^ 1"* 



(6-7) E^(i'4;^) = E E^^)^ 

d^D \n<K, 



X 



E E^('^)^Vd5^4 



+ X!i D lo+xio+^Ds 
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Applying Lemma 4.6 with {k, A) = (i, i) and (M, N) = {N, D), one get 



(6.8) Y: E Mn)^ (^) 



X 



1 J_ __3_ J_ 3 J_ 11 

•Cxb+xbD 10 + xioDs + xioDio 
1 --5- 1 il 



Combining (6.7) and (6.8), in this case one obtain 

(6.9) E^(i'4;5)« 



Case (ii) y2 = y 10912 <^ D < y. Applying Theorem 2 with = xe^D ^, and a simple 
splitting argument, we have for some 1 <^ N <^Y^ 

(6.10) E^(i'4;J) = E fEMr.)^(^)+o((|5)^^^^*-^+^*^^0 

dr^D dr^D \n<n 



E E /^("-^^ 



Now applying lemma 4.2 with ii" = DNx~'^ and Lemma 4.3 with (k, A) = BA^BA{^, |) = 

^ 40 ' 40 / 



(ii' Is)' ^® easily obtain that 



(6.11) 



«E S+ E m 



H ^ \h\ 

n^N \ l<\h\<H ' ' 



E' 



hx 



^ E E /j ( (n4D6) (n^De) 



< + xi+(i-")''L>^-2''-i + xAd 

<C x" + X4960y2 1° + X62y < a;". 

(Here we use 1 — 3k > 0.) Combining (6.10) and (6.11), one also has 



(6.12) 



E^(i'4;J)« 



dr^D 
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Combining the above two cases, then using a simple sphtting argument we obtain 

(6.13) ^2 < x^+'. 
Hence (6.3) follows from (6.5), (6.6) and (6.13). 

Now we turn to prove (6.4). From (1.14), applying the Drichlet's hyperbolic argument, 
we have for any 1 < Z < ^ = Y 

(6.14) «i(l;4;m)V^((^)i)= -"("^^^^ O^^^O 

m<^ mim^<Y \ 1 2 / 

Applying Lemma 6.1 with (k. A) = A^BA{\, |) = (^, f ) and (a,6,Zi) = (1,5, ^), 
we have 



1 1. 
X . i\ / X \ 8 ^ Y fY\ 5 



Z<mi<- 



"™2 
1 1 



On taking Z = x'^Y 7, it follows from (6.14) and (6.15) 
(6.16) «i(l;4;m)v((-)^) 

— 

- m2<(2-)' 

This completes the proof of Theorem 9. □ 
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